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Abstract
In this article, we introduce and study a generalization of the classical Krull dimension for a module RM .
This is defined to be the length of the longest strong chain of prime submodules of M (defined later) and,
denoted by Cl.K.dim(M). This notion is analogous to that of the usual classical Krull dimension of a ring.
This dimension, Cl.K.dim(M) exists if and only if M has virtual acc on prime submodules; see Section 2.
If R is a ring for which Cl.K.dim(R) exists, then for any left R-module M , Cl.K.dim(M) exists and is
no larger than Cl.K.dim(R). Over any ring, all homogeneous semisimple modules and over a PI-ring (or
an FBN-ring), all semisimple modules as well as, all Artinian modules with a prime submodule lie in the
class of modules with classical Krull dimension zero. For a multiplication module over a commutative
ring, the notion of classical Krull dimension and the usual prime dimension coincide. This yields that for
a multiplication module M , Cl.K.dim(M) exists if and only if M has acc on prime submodules. As an
application, we obtain a nice generalization of Cohen’s Theorem for multiplication modules. Also, PI-rings
whose nonzero modules have zero classical Krull dimension are characterized.
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Classical Krull dimension was first defined for commutative Noetherian rings, by counting
lengths of chains of prime ideals. As with composition series, it is the gaps between the primes
that are counted, so that a single prime is viewed as a chain of length 0, and a chain P0 ⊂ P1 ⊂
· · · ⊂Pn has length n. The classical Krull dimension of a ring R was originally defined to be the
supremum of the lengths of all chains of prime ideals in R. Then, in order to distinguish among
rings with infinite classical Krull dimension, Krause [20] introduced a refinement of the definition
allowing infinite ordinal values (see also [11] for definition and some known results about the
classical Krull dimension of rings). The importance of the classical Krull dimension is that it
has provided an invariant with certain good features and with the property that it distinguishes
between a prime ring R and a prime factor R/P . In particular, classical Krull dimension provides
a basis for proofs via transfinite induction.
Throughout, all rings are associative rings with identity, and all modules are unital left mod-
ules. The symbol ⊆ denotes containment and ⊂ proper containment for sets. If N is a submodule
(respectively proper submodule) of M we write N M (respectively N < M). We denote the
left annihilator of a factor module M/N of M by (N : M). We call M faithful if (0 : M) = 0.
Also, for a module M we denote by soc(M) and E(M) the socle and the injective hull of M ,
respectively.
Recall that a left R-module M is said to be prime if Ann(N) = Ann(M) for every nonzero
submodule N of M . A proper submodule P ⊂ M is called a prime submodule if the quotient
module M/P is a prime module, i.e., if AN ⊆ P , where N M and A is an ideal of R, then
either N ⊆ P or AM ⊆ P . Also, an R-module M is called semiprime if the left annihilator of
any nonzero submodule of M is a semiprime ideal and a proper submodule P ⊂ M is called a
semiprime submodule if the quotient module M/P is a semiprime module, i.e., if A2N ⊆ P ,
where N M and A is an ideal of R, then AN ⊆ P . This notion of prime submodule was first
introduced and systematically studied in [8] and recently it has received a good deal of attention
from several authors, see, for example, [2–4,6,21,22,26,29,31,33] and many others.
There is already a generalization of classical Krull dimension for modules via prime dimen-
sion. In fact, the notion of prime dimension of a module M over a commutative ring R (denoted
by D(M) or dim(M)), was introduced by Marcelo and Masqué [24], as the maximum length of
the chains of prime submodules of M (see also [23,30] for some known results about the prime
dimension of modules). Unfortunately, the prime dimension for modules does not reduce to clas-
sical Krull dimension when applied to a ring. For example, if R is the first Weyl algebra over a
field of characteristic zero, then there are Artinian R-modules which do not satisfy the ascending
chain condition on prime submodules (see [37, Theorem 1.4]). Also, we note that, if every ideal
of a commutative ring R is prime, then R is a field and so, R has classical Krull dimension 0 and,
for a module M over a commutative ring R, every submodule of M is prime if and only if M is
a homogeneous semisimple module (see [4, Corollary 1.9]), while for any ordinal γ , there is a
homogeneous semisimple module M with prime dimension γ . In particular, if R is a field, then
for any ordinal γ , there is a vector space V with prime dimension γ . In this paper, we introduce
and extensively study a new generalization of classical Krull dimension for modules such that:
(i) if R is a ring for which Cl.K.dim(R) exists, then for any left R-module M , classical Krull
dimension of M exists and is no larger than Cl.K.dim(R);
(ii) for a ring R, all homogeneous semisimple modules lie in the class of modules with classical
dimension zero. In particular, over a PI-ring (or an FBN-ring) R, every semisimple module
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classical Krull dimension zero; and
(iii) for a finitely generated module M over a PI-ring (or an FBN-ring) R, the classical Krull
dimension of M , is a measure for distance of M from the homogeneous semisimplicity.
Let M be an R-module and N1,N2 M . We say that N1 is strongly properly contained in N2,
and write N1 ⊂s N2, if N1 ⊂ N2 and also (N1 : M) ⊂ (N2 : M). In this case, we also say that
N2 strongly properly contains N1 and write N2 s⊃N1. Also, N1 ⊆s N2 means that N1 ⊂s N2 or
N1 = N2. It is clear that for any two ideals I and J of a ring R, I ⊆ J if and only if I ⊆s J .
A submodule P of M will be called virtually maximal prime if P is a prime submodule
of M and there is no prime submodule Q of M such that P ⊂s Q. For example, every proper
submodule of a homogeneous semisimple module is virtually maximal prime. Also, (0) < Q as
Z-submodule is virtually maximal prime.
Let R be a ring and M be an R-module such that every prime submodule of M is contained
in a virtually maximal prime submodule. We define, by transfinite induction, sets Xα of prime
submodules of M . To start with, let X−1 be the empty set. Next, consider an ordinal α  0; if Xβ
has been defined for all ordinals β < α, let Xα be the set of those prime submodules P in M such
that all prime submodules strongly properly containing P belong to
⋃
β<α Xβ . (In particular,
X0 is the set of virtually maximal prime submodules of M .) If some Xγ contains all prime
submodules of M , we say that Cl.K.dim(M) exists, and we set Cl.K.dim(M)-the classical Krull
dimension of M-equal to the smallest such γ . We write “Cl.K.dim(M) = γ ” as an abbreviation
for the statement that Cl.K.dim(M) exists and equals γ .
For example, any module over a simple ring R has classical Krull dimension 0. In particular,
every vector space over a field F has classical Krull dimension 0. Any primeless module (module
without prime submodule) has classical Krull dimension −1. Also, Q as a Z-module has classical
Krull dimension 0.
This article consists of five sections. In Section 1, we introduce various maximality condi-
tions on submodules of a module M which, for M = R and R commutative, are equivalent to
notion of maximal ideal in R. Next, we investigate the relationship between these conditions and
primeness of submodules. In Section 2, we introduce the notion of a virtual chain condition on
submodules of a module. Also, we extend some useful and well-known results on chain con-
ditions to virtual chain conditions. In Section 3, the meaning of the classical Krull dimension
of modules and related topics are studied. For example, we show that, if R is a ring for which
Cl.K.dim(R) exists, then for any left R-module M , classical Krull dimension of M exists and is
no larger than Cl.K.dim(R). In particular, all homogeneous semisimple modules lie in the class
of modules with classical Krull dimension zero. Also, all semisimple modules as well as, all
Artinian modules with a prime submodule over a PI-ring (or an FBN-ring) R, lie in the class
of modules with classical Krull dimension zero. Proposition 3.13, shows that in some instances,
the classical Krull dimension of M measures its distance from homogeneous semisimplicity. In
Section 4, multiplication modules over a commutative ring, with classical Krull dimension, are
fully investigated. For example, we show that, for a multiplication module classical Krull dimen-
sion coincides with its usual prime dimension. In particular, we obtain a nice generalization of
Cohen’s Theorem for multiplication modules. In the final section, it is shown that, if a prime left
Goldie ring R is left bounded, then R is simple Artinian if and only if there is a simple R-module
M with Cl.K.dim(E(M)) = 0. Also, PI-rings whose nonzero modules have zero classical Krull
dimension, are characterized.
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In this section we introduce various maximality conditions on submodules of a module M
which, for M = R and R commutative, are equivalent to notion of maximal ideal in R. Next, we
investigate the relationship between these conditions and primeness of submodules.
Definition. Let R be a ring and M be a left R-module. A submodule P of M will be called:
– maximal prime if P is a prime submodule of M and there is no prime submodule Q of M
such that P ⊂ Q;
– virtually maximal prime if P is a prime submodule of M and there is no prime submodule Q
of M such that P ⊂s Q (i.e., P is a prime submodule of M and for any prime submodule Q
of M , such that P ⊆ Q, we have (P : M) = (Q : M));
– virtually maximal if the factor module M/P is a homogeneous semisimple module (see
also [28], for definition).
Let R be a ring. In general, the above three concepts are different in a left R-module M , but
the chart of the following proposition more or less summarizes the overall situation.
Proposition 1.1. Let M be an R-module and P be a proper submodule of M . Then:
P is maximal ⇒ P is maximal prime
⇓ ⇓
P is virtually maximal ⇒ P is virtually maximal prime ⇒ P is prime.
In general, none of the implications is reversible.
Proof. Suppose that P is maximal. Then M/P is a simple module, and it follows that P is a
maximal prime submodule but, the converse is not true (for example, (0) < Q as Z-submodule
is maximal prime but is not maximal). Also, it is clear that every maximal submodule of M
is virtually maximal but, the converse is not true (for example, every proper submodule of a
homogeneous semisimple module is virtually maximal but it is not necessarily maximal). Clearly,
if P is a maximal prime submodule of M , then P is virtually maximal prime but, the converse is
not true (for example, every proper subspace of a vector space is virtually maximal prime but it
is not necessarily maximal prime). Now, if P is virtually maximal, then M/P is a homogeneous
semisimple module. Clearly, for every submodule Q<M , (P : M) = (Q : M) and it follows that
P is a virtually maximal prime submodule but, the converse is not true (for example, (0) < Q as
Z-module is virtually maximal prime but it is not virtually maximal). Finally, it is clear that every
virtually maximal prime submodule is prime but, the converse is not true (for example, (0) < Z
as Z-submodule is prime and it is not a virtually maximal prime submodule). 
Remark 1.2. Let R be a ring. Since every left ideal is contained in a maximal left ideal, a proper
left ideal P of R is maximal if and only if P is a maximal prime but, in general, even in the case
M = R, none of the other implications in the chart of Proposition 1.1, is reversible.
Proposition 1.3. Let P be a proper submodule of a semisimple module M . If either M = R or
M is a homogeneous module, then
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⇓
P is virtually maximal ⇔ P is virtually maximal prime ⇔ P is prime.
Proof. Let R be a left semisimple ring. By the Wedderburn–Artin Theorem, there are ideals
B1, . . . ,Br in R such that R = B1 ⊕ · · · ⊕ Br , and that, as a ring, each Bi is isomorphic to the
simple ring Mni (Di) for suitable division ring Di . Moreover, Bi.Bj = 0 for i 	= j and each Bi
is a homogeneous semisimple left R-module (see [16, Lemma 3.9 and Theorem 3.3]). Now
assume that P is a prime submodule of RR (i.e., P is a prime left ideal of R). Since P is a
proper left ideal, we may assume without loss of generality that Br 	⊆ P for some r . We claim
that, B1 ⊕ · · · ⊕ Br−1 ⊆ P . To see this, let 1  i  r − 1. Then Bi.Br = 0 ⊆ P , and so P
contains Bi (because P is prime). Therefore, B1 ⊕ · · · ⊕Br−1 ⊆ P and it follows that R/P is a
homogeneous semisimple left R-module. Thus P is a virtually maximal submodule of M . Now
by Proposition 1.1 and Remark 1.2, the first part of the proof is complete.
Now, let M be a homogeneous semisimple module. It is clear that every proper submodule
of M is contained in a maximal submodule. Thus, P <M is maximal if and only if P is a max-
imal prime submodule of M . Since every factor module of M is also homogeneous semisimple,
P <M is prime if and only if P is a virtually maximal submodule of M . Now by Proposition 1.1,
the proof is complete. 
We recall that if U , M are R-modules, then following Azumaya U is called M-injective
if for any submodule N of M , each homomorphism N → U can be extended to M → U
and, an R-module M is called co-semisimple if every simple module is M-injective (see, for
example, [34,35], for definition and characterization). Every semisimple module is of course co-
semisimple. In [4], the authors proved that a module M over a commutative ring is co-semisimple
if and only if every proper submodule of M is a semiprime submodule. Moreover, [4, Corol-
lary 1.9], shows that a co-semisimple module M over a commutative ring R is prime if and only
if M is a homogeneous semisimple module. Thus we can extend the chart of Proposition 1.3 to
the co-semisimple modules over a commutative ring.
Proposition 1.4. Let M be a co-semisimple module over a commutative ring R and P be a proper
submodule of M . Then:
P is maximal ⇔ P is maximal prime
⇓
P is virtually maximal ⇔ P is virtually maximal prime ⇔ P is prime.
Proof. Suppose M is a co-semisimple module. By [35], every proper submodule of M is an
intersection of maximal submodules. Thus, P < M is maximal if and only if P is a maximal
prime submodule of M . Now suppose that P is a prime submodule of M . Since every factor
module of M is also co-semisimple (see also [35]), M/P is a prime co-semisimple module.
Therefore, by [4, Corollary 1.9], M/P is a homogeneous semisimple module. It follows that P
is a virtually maximal submodule of M . Now by Proposition 1.1, the proof is complete. 
A prime ring R will be called left bounded if, for each regular element c in R, there exists an
ideal A of R and a regular element d such that Rd ⊆ A ⊆ Rc. A general ring R will be called
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left FBN-ring if R is left fully bounded and left Noetherian. It is well known that if R is a PI-ring
(ring with polynomial identity) and P is a prime ideal of R, then the ring R/P is (left and right)
bounded and (left and right) Goldie [29, 13.6.6].
In [4], it is shown that over commutative rings, prime modules with nonzero socle coincide
with homogeneous semisimple modules. We now extend this fact to a wider classes of rings.
Lemma 1.5. Let R be a ring such that for every prime ideal P of R the ring R/P , is left bounded,
left Goldie. If M is a prime R-module with nonzero socle, then M is a homogeneous semisimple
module. Consequently, every prime submodule of M is virtually maximal.
Proof. Let M be a prime R-module with nonzero socle. Clearly, Ann(Rm) = Ann(M), for all
0 	= m ∈ M . Let Rm be a simple submodule of M . It is clear that Rm is also a prime module
and P = Ann(Rm) = Ann(M) is a prime ideal of R. Therefore, the ring R/P is a left bounded,
left Goldie ring. Now [11, Proposition 8.7] gives that R/P embeds as a left R-module in a finite
direct sum of copies of Rm. It follows that the ring R/P is left Artinian, and hence, R/P is
simple Artinian. Thus, the left R/P-module M is a direct sum of isomorphic simple modules. It
follows that M is a homogeneous semisimple R-module. Now by Proposition 1.3, every prime
submodule of M is virtually maximal. 
Other classes of modules for which the chart of Proposition 1.3 is true, are the class of Ar-
tinian modules and the class of semisimple modules over a PI-ring (or an FBN-ring). In fact,
Lemma 1.5, has the following immediate consequence.
Corollary 1.6. Let R be a PI-ring (or an FBN-ring). Let M be an Artinian left R-module or a
semisimple left R-module. If P is a proper submodule of M , then
P is maximal ⇔ P is maximal prime
⇓
P is virtually maximal ⇔ P is virtually maximal prime ⇔ P is prime.
2. Virtual chain conditions
In this section we introduce the notion of virtual chain condition on submodules of a module.
We extend some useful and well-known results on chain conditions to virtual chain conditions.
Definition. Let R be a ring and M be a left R-module. Then the chain N1 ⊆s N2 ⊆s N3 ⊆s · · ·
of submodules of M is called a strong ascending chain. Also, the chain N1 s⊇ N2 s⊇ N3 s⊇ · · ·
of submodules of M is called a strong descending chain.
Definition. Let R be a ring. A left R-module M is said to satisfy the virtual ascending chain
condition on submodules (or to be virtually Noetherian or virtual acc) if for every strong chain
N1 ⊆s N2 ⊆s N3 ⊆s · · · of submodules of M , there is an integer n such that Ni = Nn for all i  n.
Also, a left R-module M is said to satisfy the virtual descending chain condition on submodules
(or to be virtually Artinian or virtual dcc) if for every strong chain N1 s⊇ N2 s⊇ N3 s⊇ · · · of
submodules of M , there is an integer n such that Ni = Nn for all i  n.
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Examples.
(i) Let R be a commutative Noetherian (respectively Artinian) ring. Then every R-module is
virtually Noetherian (respectively virtually Artinian).
(ii) For a prime number p, Zp∞ as a Z-module is virtually Noetherian, but it is not a Noetherian
Z-module.
(iii) Q as a Z-module is virtually Artinian, but it is not an Artinian Z-module.
(iv) Let R be a commutative domain. Then every divisible R-module is virtually Noetherian. In
particular, if R is not a field, then every divisible R-module is not a Noetherian R-module.
(v) Let R be a ring. Then every homogeneous semisimple left R-module is both virtually
Noetherian and virtually Artinian. In particular, if R is a field, then every R-module (vector
space) is both virtually Noetherian and virtually Artinian.
The proof of the next result is elementary and is omitted.
Proposition 2.1. Let R be a ring. Then the following statements are equivalent:
(1) R has acc (respectively dcc) on two-sided ideals.
(2) Each R-module is virtually Noetherian (respectively virtually Artinian).
(3) The left R-module R is virtually Noetherian (respectively virtually Artinian).
Proposition 2.1 has the following immediate consequence.
Corollary 2.2. Let R be a commutative ring. Then the following statements are equivalent:
(1) R is Noetherian (respectively Artinian).
(2) Each R-module is virtually Noetherian (respectively virtually Artinian).
(3) The R-module R is virtually Noetherian (respectively virtually Artinian).
Definition. An R-module M is said to satisfy the virtual maximum condition (respectively vir-
tual minimum condition) on submodules if every nonempty set of submodules of M contains a
maximal (respectively minimal) element with respect to strong inclusion ⊆s .
The next two results are analogous of their well-known counterparts in module theory and so
the proofs are omitted.
Proposition 2.3. An R-module M is virtually Noetherian (respectively virtually Artinian) if and
only if M satisfies virtual maximum condition (respectively virtual minimum condition) on sub-
modules.
Proposition 2.4. Let 0 → N f−→ M g−→ L → 0 be a short exact sequence of modules. Then
M2 is virtually Noetherian (respectively virtually Artinian) if and only if N and L are virtually
Noetherian (respectively virtually Artinian).
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Proof. Apply Proposition 2.4 to the sequence 0 → N ⊆−→ M → L → 0. 
Corollary 2.6. If M1, M2, . . . ,Mk are modules, then the direct sum M1 ⊕M2 ⊕· · ·⊕Mk satisfies
the strong ascending (respectively descending) chain condition on submodules if and only if so
does each Mi .
Proof. Use induction on k. If k = 2, apply Proposition 2.4 to the following sequence
0 → M1 ι1−→ M1 ⊕M2 π2−→ M2 → 0. 
3. Generalization of the classical Krull dimension for modules
We recall the definition of the classical Krull dimension of a ring R. Let X = Spec(R) be
the set of all prime ideals of R. Let Spec0(R) denote the set of all maximal ideals of R. Also,
if α > 0 is an ordinal, denote by Specα(R) the set of prime ideals P of R such that each prime
idealQ properly containing P belongs to Specβ(R) for some β < α. Then the smallest ordinal α
for which X = Specα(R) is called the classical Krull dimension [denoted by Cl.K.dim(R)] of R
(for more details see [11,18,20]).
In this section, we introduce and study a new generalization of the classical Krull dimension
for modules. This notion is analogous to the usual classical Krull dimension of a ring and the
prime dimension of a module.
Definition. Let R be a ring and M be an R-module such that every prime submodule of M is
contained in a virtually maximal prime submodule. We define, by transfinite induction, sets Xα
of prime submodules of M . To start with, let X−1 be the empty set. Next, consider an ordinal
α  0; if Xβ has been defined for all ordinals β < α, let Xα be the set of those prime submod-
ules P in M such that all prime submodules strongly properly containing P belong to
⋃
β<α Xβ .
(In particular, X0 is the set of virtually maximal prime submodules of M .) If some Xγ contains
all prime submodules of M , we say that Cl.K.dim(M) exists, and we set Cl.K.dim(M)-the clas-
sical Krull dimension of M-equal to the smallest such γ . We write “Cl.K.dim(M) = γ ” as an
abbreviation for the statement that Cl.K.dim(M) exists and equal γ .
Examples.
(i) The classical Krull dimension of a ring R as an R-module coincides with its usual classical
Krull dimension (see Proposition 3.2).
(ii) Any module over a simple ring has classical Krull dimension 0. In particular, any vector
space has classical Krull dimension 0.
(iii) Any primeless module (module without prime submodule) has classical Krull dimen-
sion −1. In particular, every torsion divisible module over a commutative domain has
classical Krull dimension −1.
(iv) Let R be a commutative domain with quotient field Q. By [4], the R-module Q has classical
Krull dimension 0 since (0) <Q is the only prime submodule.
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prime submodule of M is a virtually maximal prime. But a prime submodule P of a module M
with Cl.K.dim(M) = 0 is not necessarily virtually maximal. For example, Cl.K.dim(Q) = 0, as
Z-module and (0) is the only prime submodule of Q, but it is not virtually maximal. However,
by Propositions 1.3, 1.4 and Corollary 1.6, we have the following interesting result.
Proposition 3.1.
(1) Every homogeneous semisimple module M over a ring R has classical Krull dimension 0
and every prime submodule of M is virtually maximal.
(2) Every co-semisimple module M over a commutative ring R has classical Krull dimension 0
and every prime submodule of M is virtually maximal.
(3) Every semisimple module M over a PI-ring (or an FBN-ring) R has classical Krull dimen-
sion 0 and every prime submodule of M is virtually maximal.
(4) Let M be an Artinian module over a PI-ring (or an FBN-ring). Then either M has classical
Krull dimension −1 or M has classical Krull dimension 0 and every prime submodule of M
is virtually maximal.
Proposition 3.2. Let R be a ring. Then Cl.K.dim(RR) exists if and only if Cl.K.dim(R) exists.
Also, if one of them exists, then Cl.K.dim(RR) = Cl.K.dim(R).
Proof. Define the sets Xγ of prime left ideals as in the definition above. It is clear that
Spec(R) ⊆ Spec(RR). If P is a prime left ideal of R, then P = (I : R) is a prime (two-
sided) ideal of R such that P ⊆ P and P 	⊂s P . It follows that every minimal prime left ideal
of R is a minimal prime (two-sided) ideal of R. Therefore, if for each ordinal α, we define
X˜α := {P ∈ Xα | P is an ideal of R}, then Spec(RR) = Xγ if and only if X˜γ contains all mini-
mal prime (left) ideals of R, if and only if Spec(R) = X˜γ . Thus, Cl.K.dim(RR) exists if and only
if Cl.K.dim(R) exists and, if one of them exists, then Cl.K.dim(RR) = Cl.K.dim(R). 
Proposition 3.3. Let R be a ring and M be a left R-module with the virtual acc on prime
submodules. Then Cl.K.dim(M) exists.
Proof. Define the sets Xγ of prime submodules as in the definition above of classical Krull
dimension. Since there is a bound the cardinalities of these sets (e.g., 2card(M)), the transfinite
chain X−1 ⊆ X0 ⊆ X1 ⊆ · · · cannot be properly increasing forever. Hence, there exists an ordi-
nal γ such that Xγ = Xγ+1. If Cl.K.dim(M) dose not exist, then Xγ dose not contain all the
prime submodules of M . Using the virtual acc on prime submodules, there is a prime submod-
ule P of M virtually maximal with respect to the property P /∈ Xγ . Hence, all prime submodules
strongly properly containing P lie in Xγ . But then P ∈ Xγ+1 = Xγ , a contradiction. 
Corollary 3.4. Let R be any ring and M be a left R-module such that the set {P ∈ Spec(R) |
P = (P : M), P is a prime submodule of M} has acc. Then Cl.K.dim(M) exists.
Theorem 3.5. Let R be a ring for which Cl.K.dim(R) exists. Then for any left R-module M ,
Cl.K.dim(M) exists and also Cl.K.dim(M) Cl.K.dim(R).
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isfies the acc on prime ideals. Let M be a left R-module. Then by Corollary 3.4, Cl.K.dim(M)
exists. Define the sets Xγ of prime submodules as in the definition of classical Krull dimension.
Also, we define;
Yγ :=
{P ∈ Spec(R) | P = (P : M), for some P ∈ Xγ }.
It is clear that if Xα ⊂ Xβ , then Yα ⊂ Yβ . It follows that Cl.K.dim(M) exists and Cl.K.dim(M)
Cl.K.dim(R). 
Lemma 3.6. Let M be an R-module for which Cl.K.dim(M) exists. Then for any submodule N
of M , Cl.K.dim(M/N) exists and is no larger than Cl.K.dim(M).
Proof. Note P/N <M/N is prime if and only if P <M is prime and N ⊆ P . 
Remark 3.7. Let M be an R-module for which Cl.K.dim(M) exists and let N be a submodule
of M . In general, Cl.K.dim(N) dose not exist. Even if Cl.K.dim(N) exists, we cannot conclude
that Cl.K.dim(N)  Cl.K.dim(M). For example, if R is a polynomial ring in an infinite num-
ber of indeterminates over a nonzero commutative domain, then by [11], Cl.K.dim(R) does not
exist. Let Q be the quotient field of R. By [4], the R-module Q has classical Krull dimen-
sion 0 since (0) < Q is the only prime submodule. Therefore, R is an R-submodule of Q for
which Cl.K.dim(R) and Cl.K.dim(RR) does not exist. Also, if R = K[x1, . . . , xn] is a polyno-
mial ring over a field K in n independent indeterminates, then by [11], Cl.K.dim(R) = n. Let
Q be the quotient field of R. Then Cl.K.dim(RQ) = 0. Thus, R is an R-submodule of Q and
Cl.K.dim(RR) 	 Cl.K.dim(RQ).
Proposition 3.8. Let R be a ring and F be a free R-module. Then Cl.K.dim(R) exists if and only
if Cl.K.dim(F ) exists. Also, if one of them exists, then Cl.K.dim(F ) = Cl.K.dim(R).
Proof. Immediate from Theorem 3.5 and Lemma 3.6. 
Let R be any ring. Clearly, every finitely generated R-module M has a prime (maximal)
submodule. Therefore, if M is a finitely generated R-module for which Cl.K.dim(M) exists,
then Cl.K.dim(M) 	= −1. The following proposition gives another class of modules M for which
Cl.K.dim(M) 	= −1.
Proposition 3.9. Let R be a prime ring. If M is a projective R-module for which Cl.K.dim(M)
exists, then Cl.K.dim(M) 	= −1.
Proof. Assume that M is a projective R-module, then there is a free R-module F and R-module
K such that F ∼= K ⊕ M . Since R is a prime ring, F is also a prime module. Clearly, every
nonzero direct summand of a prime module is also a prime module (see also [4, Proposition 1.2]).
Thus M is a prime module and so Cl.K.dim(M) 	= −1. 
Lemma 3.10. Let M be an R-module for which Cl.K.dim(M) exists. If P and Q are prime
submodules of M such that P ⊂s Q, then
Cl.K.dim(M/Q) < Cl.K.dim(M/P ).
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Theorem 3.11. Let M be a left R-module. Then Cl.K.dim(M) exists if and only if M has virtual
acc on prime submodules.
Proof. Let Cl.K.dim(M) = γ , where γ is an ordinal number. If P1 ⊂s P2 ⊂s · · · is a strong
assenting chain of prime submodules of M , then by Lemmas 3.6 and 3.10, we have
· · · < Cl.K.dim(M/P3) < Cl.K.dim(M/P2) < Cl.K.dim(M/P1) γ,
which is impossible. Therefore, M has virtual acc on prime submodules. The converse is imme-
diate from Proposition 3.3. 
Minimal prime submodules are defined in a natural way. By Zorn’s Lemma one can easily see
that each prime submodule of a module M contains a minimal prime submodule of M . In [28] it
is shown that Noetherian modules contain only finitely many minimal prime submodules.
Proposition 3.12. Let M be an R-module for which Cl.K.dim(M) exists, and let Cl.K.dim(M) =
γ . If α is any nonnegative ordinal strictly less than γ , then there is a prime submodule P of M
such that the Cl.K.dim(M/P ) = α. If M is Noetherian, then there is a minimal prime submod-
ule P of M such that Cl.K.dim(M/P ) = γ .
Proof. Consulting the definition of classical Krull dimension, we see for a prime submodule P
that Cl.K.dim(M/P ) = α if and only if P ∈ Xα while P /∈ Xβ for all β < α. If there is no
prime submodule P such that Cl.K.dim(M/P ) = α, then we must have Xα = Xα+1, from which
it would follow that Xβ = Xα for all β > α. We would then have Cl.K.dim(M)  α, contrary
to hypothesis. Therefore there must be a prime submodule P such that Cl.K.dim(M/P ) = α.
This argument does not apply when α = γ . However, it does show that Cl.K.dim(M) is the
supremum of the ordinals Cl.K.dim(M/P ) as P ranges over the set of prime submodules. Since
every prime submodule contains a minimal prime so, we may restrict this set of primes to be the
minimal primes. When M is Noetherian there are only finitely many minimal prime submodules
(see [28, Theorem 4.2]), and therefore this supremum must actually be a maximum, so that for
one of these minimal primes P we obtain Cl.K.dim(M/P ) = γ . 
Suppose that the module M contains a prime submodule P . Then the height of P , denoted
by ht(P ), is the greatest nonnegative integer n such that there exists a chain of prime submodules
of M
P0 ⊂ P1 ⊂ · · · ⊂ Pn = P,
and ht(P ) = ∞ if no such n exists. Also, the virtual height of P , denoted by v.ht(P ), is the
greatest nonnegative integer n such that there exists a strong chain of prime submodules of M
P0 ⊂s P1 ⊂s · · · ⊂s Pn = P,
and v.ht(P ) = ∞ if no such n exists. It is clear that v.ht(P ) ht(P ) and for each prime ideal P
of a commutative ring R, v.ht(P) = ht(P).
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measures its distance from homogeneous semisimplicity.
Proposition 3.13. Let R be a PI-ring and let M be an R-module such that every prime submodule
of M is contained in a maximal submodule of M . If Cl.K.dim(M) = n < ∞, then for each prime
submodule P of M such that v.ht(P ) = n, the factor module M/P is homogeneous semisimple.
Proof. Suppose P is a prime submodule of M with v.ht(P ) = n and Q is a maximal submodule
of M such that P ⊆ Q. Since Cl.K.dim(M) = n, so that P = (P : M) = (Q : M) is a maximal
ideal of R and M/Q is a faithful simple R/P-module. The ring R/P is left bounded, left Goldie,
thus, [11, Proposition 8.7] gives that R/P embeds as a left R-module in a finite direct sum of
copies of M/Q. It follows that the ring R/P is left Artinian, and, hence, R/P is simple Artinian.
Thus, the left R/P-module M/P is a direct sum of isomorphic simple modules. It follows that
M/P is a homogeneous semisimple R-module. 
Corollary 3.14. Let R be a PI-ring and M be a finitely generated R-module such that
Cl.K.dim(M) = n < ∞. Then for each prime submodule P of M such that v.ht(P ) = n, the
factor module M/P is homogeneous semisimple.
4. On classical Krull dimension of multiplication modules
Let R be a ring and M be an R-module such that every prime submodule of M is contained in
a maximal prime submodule. We define, by transfinite induction, sets Xα of prime submodules
of M . To start with, let X−1 be the empty set. Next, consider an ordinal α  0; if Xβ has been
defined for all ordinals β < α, let Xα be the set of those prime submodules P in M such that
all prime submodules properly containing P belong to
⋃
β<α Xβ . (In particular, X0 is the set
of maximal prime submodules of M .) If some Xγ contains all prime submodules of M , we say
that dim(M) exists, and we set dim(M)-the prime dimension of M-equal to the smallest such γ .
We write “dim(M) = γ ” as an abbreviation for the statement that dim(M) exists and equal γ . In
fact, if dim(M) = γ < ∞, then
dim(M) = sup{ht(P ) | P is a prime submodule of M}.
If K is a field, we will use the notation dimK(V ) to denote the vector space dimension of V .
Clearly, if K is a field and V is a K-vector space with dimK(V ) = n, then dim(V ) = n − 1,
while every prime submodule of V is virtually maximal and so Cl.K.dim(V ) = 0.
Let R be a commutative ring. An R-module M is called a multiplication module if each
submodule of M is of the form IM , where I is an ideal. Let M be a multiplication R-module.
Then by [9, Corollary 2.11], P ⊂ M is a prime submodule of M if and only if (P : M) is a prime
ideal if and only if N =PM for some prime ideal P of R with Ann(M) ⊆P .
Proposition 4.1. Let R be a commutative ring for which Cl.K.dim(R) exists. Then for any mul-
tiplication R-module M , Cl.K.dim(M) exists and
0 Cl.K.dim(M) Cl.K.dim(R).
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Cl.K.dim(M) Cl.K.dim(R). By [9, Theorem 2.5], every nonzero multiplication module has a
prime (maximal) submodule, and hence 0 Cl.K.dim(M). 
Lemma 4.2. Let R be a commutative ring and M be a finitely generated multiplication
R-module. Then for any two submodules N , K of M , N ⊂ K if and only if N ⊂s K .
Proof. Without loss of generality, we may assume that M is a finitely generated faithful multipli-
cation R-module. By [8, Theorem 3.1], for each submodule N of M there exists a unique ideal I
of R such that N = IM . Since, for any two submodules N and K of M , we have N = (N : M)M
and K = (K : M)M we see that, N ⊂ K if and only if N ⊂s K . 
Proposition 4.3. Let R be a commutative ring and M be a finitely generated multiplication
R-module. Then M is Noetherian (respectively Artinian) if and only if M is virtually Noetherian
(respectively virtually Artinian).
Proof. By Lemma 4.2, every ascending chain N1 ⊆ N2 ⊆ N3 ⊆ · · · of submodules of M is
a strong ascending chain of submodules (and conversely). Also, every descending chain N1 ⊇
N2 ⊇ N3 ⊇ · · · of submodules of M is a strong descending chain of submodules (and conversely)
and so, we are through. 
Lemma 4.4. Let R be a commutative ring and M be a multiplication R-module. Then for any
two prime submodules P1, P2 of M , P1 ⊂ P2 if and only if P1 ⊂s P2.
Proof. Let P1 ⊂ P2. Since P1 < M is prime, then P = (P1 : M) is a prime ideal of R and the
R/P-module M/P1 is torsionfree. By [9, Proposition 3.4], M/P1 is a finitely generated multipli-
cation R/P-module. Since 0 = P1/P1 ⊂ P2/P1 as R/P-submodules of M/P1, by Lemma 4.2,
0 = P1/P1 ⊂s P2/P1, i.e., P1 ⊂s P2. The converse is evident. 
The following interesting result shows that, for a multiplication module classical Krull dimen-
sion coincides with its usual prime dimension.
Theorem 4.5. Let R be a commutative ring and M be a multiplication R-module. Then
Cl.K.dim(M) exists if and only if dim(M) exists. Also, if one of them exists, then Cl.K.dim(M) =
dim(M). Moreover, if P is a proper submodule of M , then
P is maximal ⇔ P is maximal prime

P is virtually maximal ⇔ P is virtually maximal prime ⇒ P is prime.
Proof. By Lemma 4.4, every chain of prime submodules of M is a strong chain of prime sub-
modules (and conversely). This yields that for a multiplication module M , the notion of classical
Krull dimension and prime dimension coincide. For, we note that by [9, Theorem 2.5], every
proper submodule of M is contained in a maximal submodule of M , and, P < M is maximal if
and only if P = PM 	= M , for some maximal ideal P of R. Therefore, the above chart is now
immediate. 
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following statements are equivalent:
(1) dim(M) = 0.
(2) Cl.K.dim(M) = 0.
(3) Every prime submodule of M is maximal.
It is clear that any commutative ring R with nonzero socle is a domain if and only if R is a
field. The following proposition generalizes this fact to multiplication modules over commutative
rings.
Proposition 4.7. Let R be a commutative ring and M be a multiplication module with
soc(M) 	= 0. Then, M is prime if and only if M is a simple module.
Proof. If M is a prime multiplication module with soc(M) 	= 0, then by [9, Theorem 3.7], M is
finitely generated and by [4, Corollary 1.9], M is a homogeneous semisimple module. Thus by
[9, Corollary 2.4], M is simple. The converse is evident. 
Corollary 4.8. (See also [9, Corollary 2.9].) Let R be a commutative ring and M be an Artinian
multiplication module. Then every prime submodule of M is maximal.
Proof. Let M be an Artinian multiplication module and P be a prime submodule of M . Then
M/P is a prime multiplication module with nonzero socle. Therefore, by Proposition 4.7, M/P
is a simple module and so P is a maximal submodule. 
It is well known that a commutative ring R is Artinian if and only if R is Noetherian and
every prime ideal of R is maximal. Also, by [9, Corollary 2.9], every Artinian multiplication
module is cyclic. Therefore, every Artinian multiplication module M is Noetherian and every
prime submodule of M is maximal. Next, we show that the converse is also true.
Theorem 4.9. Let R be a commutative ring and M be a multiplication module. Then M is
Artinian if and only if M is Noetherian and every prime submodule of M is maximal.
Proof. Let M be a Noetherian multiplication module. If every prime submodule of M is max-
imal, then every prime submodule of M is a minimal prime and hence, by [27, Theorem 4.2],
M contains only finitely many (minimal) prime submodules. Thus by [9, Theorem 2.8], M is
cyclic and it follows that M is Artinian. The converse holds by [9, Corollary 2.9]. 
Krause [20] shows that having classical Krull dimension for a ring R is equivalent to having
acc on prime ideals. As for, multiplication modules we have the next two immediate results.
Proposition 4.10. Let R be a commutative ring and M be a multiplication module. Then
Cl.K.dim(M) exists if and only if M has acc on prime submodules.
Proof. By Theorem 3.11 and Lemma 4.4. 
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submodule of M . If Ni, i = 1, . . . , n, are submodules of M such that⋂ni=1 Ni ⊆ P , then Nk ⊆ P
for some 1 k  n.
Proof. Let P = (P : M) and Ni = AiM , where Ai, i = 1, . . . , n, are ideals of R. Then
A1A2 · · ·AnM ⊆⋂ni=1 Ni ⊆ P , and so that A1A2 · · ·An ⊆P . Since P is a prime ideal, Ak ⊆P ,
for some 1 k  n, and it follows that Nk = AkM ⊆ P . 
In [17, p. 65, Exercise 25], it is shown that a commutative ring with acc on prime ideals
satisfies acc on finite intersections of prime ideals. Applying the Konig Graph Theorem, Gor-
don and Robson [12, Theorem 7.7], have extended this useful result to noncommutative rings.
Using merely a ring theoretical method, Karamzadeh [18, Proposition 1], has generalized this
result to acc on finite intersections of powers of prime ideals. In what follows, using the latter
method, we still extend this result further to acc on finite intersections of prime submodules in a
multiplication module.
Proposition 4.12. Let R be a commutative ring and M be a multiplication module. If M has acc
on prime submodules, then it has acc on submodules of the form N =⋂Pi∈F Pi , where F is afinite set of noncomparable prime submodules.
Proof. Let N1 ⊂ N2 ⊂ · · · ⊂ Nk ⊂ · · · be an infinite ascending chain of submodules, each of
which is of the form Nk =⋂Pi∈Fk Pi where, Fk is a finite set of noncomparable prime sub-
modules. If it happens that Fr1 = Fr2 = · · · = Frn = · · · , where r1 < r2 < · · · < rn < · · · is an
infinite sequence, then Nr1 = Nr2 = · · · = Nrk = · · · and the chain N1 ⊂ N2 ⊂ · · · ⊂ Nk ⊂ · · ·
cannot be infinite and we are through. Therefore without loss of generality we can assume
Fk+1 − Fk 	= ∅, for all k and complete the proof by obtaining a contradiction. We note that
Fi−1 ∩ Fr ⊇ Fi ∩ Fr for all r and i − 1 r , for if not, then there exists Pi ∈ Fi ∩ Fr such that
Pi /∈ Fi−1. Since Ni−1 ⊆ Ni ⊆ Pi , by Lemma 4.11, there exists Pi−1 ∈ Fi−1 such that Pi−1 ⊂ Pi
and since r < i − 1 there exists Pr ∈ Fr such that Pr ⊆ Pi−1 ⊂ Pi , but Pr and Pi are both
in Fr and cannot be comparable. This shows that without loss of generality we can assume that
Fi−1 ∩Fr = Fi ∩Fr , for all r and i − 1 r . Now given any integer m> 0 let Pm ∈ Fm −Fm−1.
Then Pm /∈⋂m−1i=1 Fi , for otherwise Pm ∈ Fr , for some r  m − 1 and Fm ∩ Fr = Fm−1 ∩ Fr
implies that Pm ∈ Fm−1, which is impossible. Hence there exists Pm−1 ∈ Fm−1 such that
Pm−1 ⊂ Pm and Pm−1 /∈⋂m−2i=1 Fi , for otherwise Pm−1 ∈ Fm−1 ∩ Fk for some k  m − 2 im-
plies that Pm−1 ∈ Fm, which is impossible. Repeating this process we get P1 ⊂ P2 ⊂ · · · ⊂ Pm,
a chain of length m and each Pi belongs to Fi . Now put
Fn1 = {P1 | there exists a chain P1 ⊂ P2 ⊂ · · · ⊂ Pn, where Pi ∈ Fi, i = 1, . . . , n}.
We have already shown that Fn1 	= ∅, for all n. Moreover, Fn1 is finite and Fn1 ⊇ Fm1 , for m n.
Therefore the chain F 11 ⊇ F 21 ⊇ · · · ⊇ Fn1 ⊇ · · · is stationary and we can choose Q1 ∈
⋂∞
n=1 Fn1 .
Now for each n 2, let
Fn2 = {P2 | there exists a chain Q1 ⊂ P2 ⊂ · · · ⊂ Pn, where Pi ∈ Fi, i = 2, . . . , n}
it is clear that Fn2 	= ∅, for all n  2 and we can choose Q2 ∈
⋂∞
n=2 Fn2 . Hence proceeding
inductively we get a chain Q1 ⊂ Q2 ⊂ · · · ⊂ Qn ⊂ · · · which is the desired contradiction. 
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prime submodules of M . As in [27], for any submodule N of an R-module M we define V (N)
to be the set of all prime submodules of M containing N . Of course, V (M) is just the empty set
and V (0) is Spec(M). Note that for any family of submodules Ni (i ∈ I ) of M ,
⋂
i∈I






Thus if ξ(M) denotes the collection of all subsets V (N) of Spec(M), then ξ(M) contains the
empty set and Spec(M), and ξ(M) is closed under arbitrary intersections. We shall say that M
is a module with a Zariski topology, or a top module for short, if ξ(M) is closed under finite
unions, i.e., for any submodules N and L of M there exists a submodule J of M such that
V (N) ∪ V (L) = V (J ), for in this case ξ(M) satisfies the axioms for the closed subsets of a
topological space. Note that we are not excluding the trivial case where Spec(M) is empty; i.e.,
primeless R-modules are top modules. In [27], the authors proved that any multiplication module
is a top module and, any finitely generated R-module M is a top module if and only if M is a
multiplication module.
Let X = Spec(R) be endowed with the Zariski topology. Karamzadeh [18] shows that, X is
Noetherian (acc on open subsets) if and only if R has acc on intersections of prime ideals, if
and only if every subset of X is quasi-compact (a subset in a topological space is called quasi-
compact if any open cover of it has a finite subcover). We give a generalization of this result for
multiplication modules.
Proposition 4.13. Let R be a commutative ring and M be a multiplication module. Let X =
Spec(M) be endowed with the Zariski topology. Then the following statements are equivalent.
(1) X is Noetherian (acc on open subsets).
(2) Every subset is quasi-compact.
(3) M has acc on intersections of prime submodules.
Proof. By Proposition 4.12 and the definition above for an open subset in the Zariski topology
the result is evident. 
Corollary 4.14. Let R be a commutative ring and M be a multiplication module for which
Cl.K.dim(M) exists. If M has only finitely many prime submodules minimal over any submodule,
then every prime submodule is minimal over some finitely generated submodule.
Proof. Let N be a submodule of M and P(N) denote the intersection of all prime submodules
containing N . It is sufficient to show that P(N) = P(Rm1 + Rm2 + · · · + Rmk), for some ele-
ments m1,m2, . . . ,mk ∈ N . It is clear that V (N) =⋂m∈N V (Rm) and X−V (N) =⋃m∈N(X−
V (Rm)). Now by Proposition 4.12, we note that M has acc on intersections of prime submodules
and therefore Proposition 4.13 shows that every subset, in particular X−V (N) is quasi-compact.
Thus there are some elements m1, . . . ,mk ∈ N such that X − V (N) =⋃ki=1(X − V (Rmi)).
Hence V (N) =⋃ki=1(V (Rmi)) implies that P(N) = P(Rm1 +Rm2 + · · · +Rmk). 
Next, we prove a stronger result for multiplication modules. Compare the following result
with [18, Proposition 2].
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M has only finitely many prime submodules minimal over any submodule. Then every prime
submodule is minimal over a submodule generated by m elements, where m n.
Proof. Let P be a prime submodule and P = P0 ⊃ P1 ⊃ · · · ⊃ Pm be a chain of prime submod-
ules. By Lemmas 3.10 and 4.4, we have
Cl.K.dim(M/Pm) > Cl.K.dim(M/Pm−1) > · · · > Cl.K.dim(M/P ).
This shows that ht(P ) Cl.K.dim(M). Now if we assume that the zero submodule is generated
by the empty set, then one can proceed by induction on k = ht(P )  n and show that P is
minimal over a submodule generated by  k elements. For k = 0 this is clear by our assumption.
Let us assume it true when ht(P )  k − 1 and let ht(P ) = k. Now let P1,P2, . . . ,Pr be all
minimal prime submodules, then since k > 0 we have P 	⊆⋃ri=1 Pi . Thus there exists m1 ∈ P
such that m1 /∈ Pi , for all i. Consider M¯ = M/Rm1, and P¯ = P/Rm1. Now it is clear that
ht(P¯ ) k − 1 and by the induction hypothesis P¯ is minimal over Rm¯2 +Rm¯3 + · · · +Rm¯k , for
some m¯2, m¯3, . . . , m¯k ∈ M¯ . Now suppose mi = f−1(m¯i), i = 2,3, . . . , k, where f :M → M¯ is
the natural epimorphism. Then it is clear that P is minimal over Rm1 +Rm2 + · · · +Rmk . 
In [21], Cohen’s Theorem is proved for finitely generated modules. In particular, in [6], it is
shown that the extension of Cohen’s Theorem for a multiplication module M is true without the
assumption that M is finitely generated. In [6, Theorem 2], it is shown that, if M is a multiplica-
tion module and N is a proper submodule of M such that every prime submodule of M minimal
over N is finitely generated, then there are only finitely many prime submodules of M minimal
over N (see also Anderson’s Theorem [1] and [6, Theorem 1]). Thus we have the following gen-
eralization of Cohen’s Theorem to multiplication modules over commutative rings (see also [6,
Corollary 1]).
Theorem 4.16. Let R be a commutative ring and M be a multiplication module. Then M is
Noetherian if and only if M has acc on prime submodules and each prime submodule minimal
over a proper submodule is finitely generated.
Proof. (⇒) is evident.
(⇐) If every submodule of M is prime, then by [9, Theorem 3.7] and [4, Corollary 1.9],
M is a finitely generated homogeneous semisimple module. Thus by [9, Corollary 2.4], M is
cyclic (simple) and we are through. Hence, let N be a nonprime submodule of M , then by our
assumption each prime submodule P minimal over N is finitely generated, for N ⊂ P is a proper
submodule of P . Now by [6, Theorem 2], there are only finitely many prime submodules minimal
over N (note: if N is prime, then this latter statement is evident). Thus, we may now invoke
Corollary 4.14, to see that each prime submodule Q of R, is minimal over a finitely generated
submodule K . Hence, if K is a proper submodule of Q, then by our assumption, Q is finitely
generated and if K = Q, then trivially Q is finitely generated and therefore Cohen’s Theorem
completes the proof. 
5. PI-rings whose nonzero modules have zero classical Krull dimension
A ring R is called a Max-ring (or a left Max-ring) if every nonzero left R-module has a
maximal submodule. Commutative Max-rings were first characterized in [13] as rings R such
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rings which are also called B-rings (or a left Bass rings), were later studied by various authors
(see, for example, [7,10,13–15,19,25,32,36]). Also, a ring R is called a P-ring (or a left P-ring)
if every nonzero left R-module has a prime submodule (see [4,5] for definition and for more
results on P-rings). It is clear that every simple ring is a P-ring and also, every Max-ring is a
P-ring. In [4, Theorem 3.8], it is shown that commutative P-rings coincide with commutative
Max-rings. By [4, Corollary 3.9], each prime ideal in a commutative Max-ring R is maximal
(i.e., Cl.K.dim(R) = 0). Thus by [13], there exists a commutative ring R with classical Krull
dimension zero, but which is not a Max-ring (a P-ring). Therefore, even if R is commutative, in
general;
Cl.K.dim(R) = 0 	⇒ Cl.K.dim(M) = 0, for all nonzero modules M.
In this section, we show that if every nonzero module over a (prime) left bounded, left Goldie
ring R, has classical Krull dimension zero, then R must be simple Artinian. This yields several
characterizations for PI-rings whose nonzero modules have zero classical Krull dimension.
Proposition 5.1. Let R be a semiprime left Goldie ring. Then for any divisible R-module M ,
Cl.K.dim(M) 0.
Proof. Let M be a divisible R-module. If M is primeless, then Cl.K.dim(R) = −1. Let P be a
prime submodule of M . Then P = (P : M) is a prime ideal of R. Since M/P is also divisible,
it follows that P contains no regular elements. By [11, Proposition 6.3], P is a minimal prime
ideal. It follows that there is no prime submodule Q of M such that P ⊂s Q. Thus, every prime
submodule of M is virtually maximal prime, i.e., Cl.K.dim(M) = 0. 
Corollary 5.2. Let R be a semiprime left Goldie ring. Then for any R-module M ,
Cl.K.dim(E(M)) 0.
Let M be a left R-module. A proper submodule P of M is called strongly prime if
(i) P = (P : M) is a prime ideal of R and the ring R/P is a left Goldie ring; and
(ii) M/P is a torsionfree left (R/P)-module (see [28], for more results on strongly prime sub-
modules).
We need the following lemma from [28].
Lemma 5.3. [28, Lemma 2.6] Let R be a ring and P be a prime ideal such that the ring R/P is
left bounded, left Goldie. Let M be a left R-module. Then the following statements are equivalent
for a submodule P of M :
(1) P is a prime submodule of M such that P = (P : M);
(2) P is a strongly prime submodule of M such that P = (P : M).
Proposition 5.4. Let R be a prime left Goldie ring. If R is left bounded, then R is simple Artinian
if and only if Cl.K.dim(E(M)) = 0, for some simple R-module M .
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submodule. By [11, Lemma 4.10], E(M) is a uniform R-module and, hence by [11, Proposi-
tion 6.11], E(M) is either torsion or torsionfree. We claim that E(M) is a torsionfree R-module.
If E(M) is torsion, then (0) is not a prime submodule of E(M), for if not, then by Lemma 5.3,
(0) < E(M) is strongly prime, i.e., E(M) is a torsionfree R-module, a contradiction. Thus, there
exists a nonzero prime submodule P < E(M). It follows that, P = (P : E(M)) is a prime ideal
of R. If P 	= 0, then P is not a minimal prime. Thus, by [11, Proposition 6.3], P contains a
regular element, and hence by divisibility of E(M), we must have PE(M) = E(M), which is
impossible. Thus, P = 0, and so by Lemma 5.3, P is a strongly prime submodule of E(M), i.e.,
the module E(M)/P is torsionfree which is the desired contradiction (since E(M)/P is also
torsion). Therefore, E(M) is a torsionfree R-module. Since M  E(M), M is also torsionfree,
i.e., M is a faithful simple R-module. Now, by [11, Proposition 8.7], RR embeds in some finite
direct sum of copies of M and hence, R is simple Artinian. The converse is evident. 
Corollary 5.5. Let R be a ring and let P be a prime ideal such that the ring R/P is left bounded
left Goldie. If R is a P-ring, then R/P is a simple Artinian ring.
Proof. Let R be a P-ring ant let R¯ := R/P . It is clear that R¯ is also a P-ring. LetM be a maximal
left ideal of R¯. Then M = R¯/M is a simple R¯-module. By Corollary 5.2, Cl.K.dim(E(M)) 0
as an R¯-module. On the other hand, by our assumption, E(M) has a prime R¯-submodule and
hence Cl.K.dim(E(M)) = 0. Now, we are done by applying the Proposition 5.4 to R¯. 
Now we are in a position to characterize PI-rings whose nonzero modules have zero classical
Krull dimension.
Theorem 5.6. Let R be a PI-ring. Then the following statements are equivalent:
(1) Each nonzero R-module has classical Krull dimension 0.
(2) Each nonzero R-module has nonnegative classical Krull dimension.
(3) R is a P-ring.
(4) Every nonzero R-module has a semiprime submodule.
(5) Every prime ideal of R is a maximal ideal (i.e., Cl.K.dim(R) = 0), and for every nonzero
left R-module M , there exists a prime ideal P of R with PM 	= M .
(6) R is a Max-ring.
(7) For every prime ideal P of R the ring R/P is simple Artinian, and for every nonzero left
R-module M , there exists a prime ideal P of R with PM 	= M .
Proof. (1) ⇒ (2) ⇒ (3) ⇒ (4) is clear.
(4) ⇒ (5). Let R be a ring such that every nonzero R-module has a semiprime submodule.
We assume P is a prime ideal of R such that it is not a maximal ideal and complete the first
part of proof by obtaining a contradiction. Thus, Rˆ = R/P is not a simple ring, and any nonzero
Rˆ-module has a semiprime submodule. Hence, there exists a nonzero prime ideal Pˆ of Rˆ. By [29,
13.6.4], Pˆ contains a nonzero central element c ∈ Rˆ. Note that c is a regular element in Rˆ since Rˆ
is a prime ring. Now let M := {x ∈ Q/Rˆ | cnx = 0 for some n ∈ N}, where Q denote the classical
left quotient ring of Rˆ. It is clear that M is a nonzero Rˆ-submodule of Q/Rˆ (in fact c is a nonunit
element in Rˆ and c(c−1.1 + Rˆ) = 0). By assumption, there exists a semiprime Rˆ-submodule N
of M . Now, for any x ∈ M , we have cnx = 0 for some n ∈ N and, hence, (Rˆc)nRˆx = (0) ⊆ N .
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consequently cM ⊆ N . On the other hand, for any x ∈ M , we have x = c(c−1x) and cnx =
cn+1(c−1x) = 0 for some n ∈ N. It follows that M = cM ⊆ N , a contradiction. Thus, every prime
ideal of R is maximal (i.e., Cl.K.dim(R) = 0). Now let M be a nonzero R-module and N < M
be a semiprime submodule of M . Then I = (N : M) is a semiprime ideal of R. Therefore, R/I is
a semiprime PI-ring such that every prime ideal of R/I is maximal and M/N is an R/I -module.
Thus by [32, Remark 4.37], R/I is a Max-ring and so, M/N as an R/I -module has a maximal
submodule. It follows that also, M as an R-module has a maximal submodule, say P . Therefore,
P = (P : M) is a prime ideal and PM 	= M .
(5) ⇒ (6). Let M be a nonzero left R-module. Then PM 	= M , for some maximal ideal P .
Thus, R/P is a simple PI-ring, and so by [32, Remark 4.37], the ring R/P is a Max-ring. Hence,
the (R/P)-module M/PM has a maximal submodule, say K/PM . It is clear that K is a maximal
R-submodule of M .
(6) ⇒ (7). Let R be a Max-ring. Clearly R is a P-ring, and so by Corollary 5.5, R/P is
simple Artinian, for each prime ideal P of R. For a nonzero left R-module M consider a prime
submodule, say P . Then P = (P : M) is a prime ideal of R, and hence PM 	= M .
(7) ⇒ (1). Clearly Cl.K.dim(R) = 0. Let M be a nonzero left R-module. By assumption,
PM 	= M for some prime ideal P of R. Hence, R/P is a simple PI-ring, and so by [32,
Remark 4.37], the ring R/P is a Max-ring. Thus, the (R/P)-module M/PM has a maximal
submodule, say K/PM . It is clear that K is a maximal (prime) R-submodule of M . Therefore,
by Theorem 3.5, Cl.K.dim(M) = 0. 
Markov in [25] proved that if R is a semiprime PI-ring, then R is a Max-ring if and only
if every prime ideal of R is a maximal ideal (see also [32, Remark 4.37]). Thus, the following
corollary is now immediate.
Corollary 5.7. Let R be a semiprime PI-ring. Then the following statements are equivalent:
(1) Cl.K.dim(R) = 0.
(2) Each nonzero R-module has classical Krull dimension 0.
(3) Every nonzero R-module has a semiprime submodule.
(4) For every prime ideal P of R the ring R/P is simple Artinian.
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